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Abstract
Using MacDowell-Mansouri theory, in this work, we investigate a super-
field description of the self-dual supergravity a la Ashtekar. We find that in
order to reproduce previous results on supersymmetric Ashtekar formalism,
it is necessary to properly combine the supersymmetric field-strength in the
Lagrangian. We extend our procedure to the case of supersymmetric Ashtekar
formalism in eight dimensions.
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1.- Introduction
The MacDowell-Mansouri formalism [1]-[2] (see also Refs. [3]-[6]) is one
of the most interesting attempts to describe gravity as a gauge field theory.
The basic assumption in such a formalism is to consider a curvature defined in
terms of a SO(1, 4)−valued one-form connection AAB which is broken into a
SO(1, 3)−valued one-form connection Aab and one-form tetrad field A4a = ea.
The corresponding proposed action is quadratic in the reduced action with
the skew symmetric ε−symbol acting as a contracting object. An interesting
aspect of this action is that it is reduced to the Einstein-Hilbert action when
the ε−symbol is associated with a four dimensional spacetime. Indeed, since
a curvature is a two-form the quadratic action gives a four-form, which can
be contracted with an ε−symbol of the form εµναβ. These observations mean
that the MacDowell-Mansouri theory is intrinsically a four dimensional gauge
theory of gravity. On the other hand, one of the most interesting alternatives
for quantum gravity is provided by the Ashtekar theory [7] which is also in-
trinsically a four dimensional theory of gravity. So a natural step further was
to see if the MacDowell-Mansouri formalism and the Ashtekar theory were re-
lated. It turns out that a connection between these two theories was achieved
by Nieto, Socorro, and Obrego´n [8] whom proposed a MacDowell-Mansouri
type action, but with the curvature replaced by a self-dual curvature. The in-
teresting thing of this approach is that by dropping the Euler and Pontrjagin
topological invariants the Nieto-Socorro-Obrego´n action leads to the Ashtekar
formalism via the Jacobson-Smolin-Samuel action [9].
Moreover, it has been shown that the Nieto-Socorro-Obrego´n action can be
extended to the case of a self-dual supergravity in four dimensions [10]. How-
ever, this treatment refers only to the case of pure supergravity. If one desires
to introduce interactions some problems arise -similar to the ones presented
in the original theory of the MacDowell-Mansouri theory for supergravity. In
particular, the need of introducing a metric of the spacetime weakens the orig-
inal idea of seeing the self-dual supergravity as a gauge theory. Thus, one is
forced to look for an alternative for supersymmetrizing the self-dual gravity
with the hope that the interactions appear more naturally and in the spirit of
a gauge theory.
As it is known, a superfield formalism [11] provides one of best mechanisms
to supersymmetrisize a physical system, and is a particularly useful tool in the
construction of interacting Lagrangians. In this work we explore the possibility
of making a description of the self-dual supergravity a la MacDowell-Mansouri
theory in terms of the superfield formalism. We prove that our description
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leads exactly to the same action as the one proposed by Nieto-Socorro-Obrego´n
for the case of the self-dual supergravity in four dimensions.
Another source of motivation for the present work may arise from the fol-
lowing observations. Traditionally, the fact that the Ashtekar theory requires a
four dimensional scenario for its formulation, it is seen as a key feature over the
alternative for quantum gravity based on a superstring theory which requires a
higher dimensional spacetime background. However, if such Jacobson-Samuel-
Smolin action is considered as a BF theory, then a possible generalization to
higher dimensions of the Ashtekar formalism could be possible [12]. But in
this BF approach the self-duality concept is lost. An alternative has been pro-
posed by Nieto [13] in order to promote the Ashtekar formalism in the sense of
self-duality of higher dimensions. In this case, the octonion structure [14]-[16]
becomes the mathematical key tool. In fact, by using an octonion algebra
in Ref. [13] it has been shown that it makes sense to consider an Ashtekar
formalism in eight dimensions. It turns out that this generalization opens the
possibility to consider Ashtekar formalism in twelve dimensions either by the
reduction 10+2→ (1+3)+(1+7) or by the prescription 10+2→ (2+2)+(0+8)
[17]. The case (1 + 3) + (1 + 7) is particularly interesting because establishes
that the Ashtekar formalism is not completely unrelated to the string theory
orM−theory. While the case (2+2)+(0+8) is interesting because (2+2) and
(0 + 8) are exceptional signatures. Both proposals 10 + 2→ (1 + 3) + (1 + 7)
and 10+2→ (2+2)+(0+8) have been developed using only a bosonic degree
of freedom and it is the goal of this work to direct the first steps toward a
supersymmetrization of such proposals.
Technically, the article is organized as follows: In section 2, we give a
short sketch of the self-dual MacDowell-Mansouri theory. In section 3, we
briefly describe the supersymmetric MacDowell-Mansouri theory. In section
4, we explicitly show that such a supersymmetric version of the MacDowell-
Mansouri theory can be accomplished via superfield formalism. Finally, in
section 5, we outline a possible application of our results to the case of an
Ashtekar formalism in a spacetime of 2 + 10−dimensional spacetime.
2.- Self-dual MacDowell-Mansouri theory
The theory of MacDowell-Mansouri is a pure gauge theory in 3 + 1 di-
mensions, with the anti-de Sitter group SO(3, 2) as the gauge group. After
breaking the original gauge group to SO(3, 1), the resultant SO(3, 1) gauge
theory leads to the Einstein-Hilbert action, the cosmological constant term
and the Euler topological invariant.
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By convenience, let us recall MacDowell-Mansouri mechanism. Consider
the MacDowell-Mansouri type action in a 1+3−dimensional spacetime M1+3,
S =
∫
M1+3
d4xεµνρσR abµν R
cd
ρσ εabcd. (1)
Here, εµνρσ and εabcd are the completely antisymmetric ε-symbols and R
ab
µν is
given by
R abµν = F
ab
µν + Σ
ab
µν , (2)
with
F abµν = ∂µA
ab
ν − ∂νA
ab
µ + A
ac
µ A
b
νc − A
bc
µ A
a
νc (3)
and
Σ abµν = e
a
µe
b
ν − e
b
µe
a
ν . (4)
where A abµ is a SO(1, 3)-connnection and e
a
µ is a tetrad field.
Substituting (2) into (1) we get
S =
∫
M1+3
(T +K + C), (5)
with
T = εµναβF abµν F
cd
αβ εabcd, (6)
K = 2εµναβΣ abµν F
cd
αβ εabcd, (7)
and
C = εµναβΣ abµν Σ
cd
αβ εabcd. (8)
It is not difficult to recognize that T leads to the Euler topological invariant, K
determines the Einstein-Hilbert action and C gives the cosmological constant
term.
In the case of the self-dual (antiself-dual) MacDowell-Mansouri theory the
action (1) is extended in the following form
S =
∫
M1+3
d4xεµνρσ+R ab+µν R
cd
ρσ εabcd, (9)
where
4
±R abµν =
1
2
±
BabcdR
cd
µν . (10)
Here,
±Babcd =
1
2
(δabcd ± iε
ab
cd), (11)
where δabcd = δ
a
cδ
b
d − δ
a
dδ
b
c is a generalized delta.
We can again write (9) as in (5), namely
S ′ =
∫
M1+3
(T ′ +K ′ + C ′), (12)
where T ′, K ′ and C ′ have the same form as T,K and C, but with F abµν and
Σ abµν replaced by
+F abµν and
+Σ abµν , respectively.
Using the identity
+Bab+ef B
cd
ghεabcd = 2(εefgh − iδefgh), (13)
with δefgh = ηegηfh− ηehηfg, we discover that T
′, K ′ and C ′ can be written as
T ′ =
1
2
(εµναβF abµν F
cd
αβ εabcd − iε
µναβF abµν F
cd
αβ δabcd), (14)
K ′ = (εµναβΣ abµν F
cd
αβ εabcd − iε
µναβΣ abµν F
cd
αβ δabcd), (15)
and
C ′ =
1
2
(εµναβΣ abµν Σ
cd
αβ εabcd − iε
µναβΣ abµν Σ
cd
αβ δabcd). (16)
The first and the second term in T ′ corresponds to the Euler and Pontrjagin
topological invariants respectively. The first term in K ′ leads to (7), while the
second term in (15) vanishes identically after using the cyclical identities of
F cdαβ . Similarly, the first term in C
′ corresponds to (8), while the second term of
C ′ is identically zero. These results show that up to the Pontrjagin topological
invariant the actions (1) and (9) are equivalents. It is worth observing that,
despite ±R abµν is a complex field, these results imply that, classically, the action
(9) itself can be reduced to a real quantity (see Refs. [8]-[10] for details). At the
quantum level, however, this is not true, but one can use Ashtekar mechanism
[7] in order to develop a consistent canonical quantization out of the action
(9).
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3.- Supersymmetric MacDowell-Mansouri theory
The supersymmetric version of MacDowell-Mansouri theory can be sim-
ply constructed by promoting the SO(3, 2) gauge fields to the corresponding
supergroup OSp(1|4) gauge theory. In particular, the gauge potential AIJµ is
now seen as a Lie algebra osp(1|4)-valued potential. The corresponding field
strength F IJµν is given by
F IJµν = ∂µA
IJ
ν − ∂νA
IJ
µ +
1
2
f IJJKLMA
JK
µ A
LM
ν , (17)
where f IJJKLM are the structure constants of the super Lie algebra osp(1|4).
The field strength F IJµν can be decomposed in three terms corresponding to
the three generators SIJ = (Sab, Pa, Qi) (with Pa = S4a) of osp(1|4) as (see
[18]-[19] and references therein)
Fabµν = F
ab
µν + Σ
ab
µν +Ψ
ab
µν , F
i
µν = F
i
µν + Σ
i
µν , F
a
µν = F
a
µν + Σ
a
µν , (18)
where
F abµν = ∂µA
ab
ν − ∂νA
ab
µ +
1
2
fabcdefA
cd
µ A
ef
ν , (19)
Σabµν = 2f
ab
4c4dA
4c
µ A
4d
ν , (20)
Ψabµν =
1
2
fabij A
i
µA
j
ν , (21)
Σaµν =
1
2
f 4aij A
i
µA
j
ν , (22)
Σiµν = f
i
4aj(A
4a
µ A
j
ν −A
4a
ν A
j
µ ), (23)
and
F iµν = ∂µA
i
ν − ∂νA
i
µ +
1
2
f icdj(A
cd
µ A
j
ν −A
cd
ν A
j
µ ). (24)
Consider the action [10]
S =
∫
d4xεµνρσF Aµν F
B
ρσ gAB, (25)
where gAB is the invariant diagonal metric in osp(1|4) and it is defined by
gAB =
(
εabcd 0
0 (CΓ5)ij
)
, (26)
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where Γ5 = iΓ0Γ1Γ2Γ3 and Γµ are the Dirac matrices satisfying the Clifford
algebra {Γµ,Γv} = −2ηµv, with ηµv = diag(−1, 1, 1, 1). In terms of its metric
components the above-mentioned action can be written as [10], [19]
S =
∫
d4xεµνρσ
(
F abµν F
cd
ρσ εabcd + F
i
µνF
j
ρσ(CΓ5)ij
)
. (27)
By identifying A abµ ≡ ω
ab
µ with the spin connection, A
4a
µ ≡ e
a
µ with the tetrad
and A iµ ≡ ψ
i
µ with the gravitino field we discover that the action (27) results
in the gauge theory of N = 1 supergravity (see Ref. [10] for details).
4- Superfield formalism of self-dual MacDowell-Mansouri
In order to obtain the self-dual part of (27), we shall combine the super-
field formalism with the internal supergroup OSp(1|4). Let us consider the
supersymmetric field-strengths [11]
W(α) = −iλ(α) + θ(α)D − σ
µυ (β)
(α) θ(β)Fµν + θ
2σµ
(αβ˙)
∇µλ¯
(β˙)
, (28)
W (α) = −iλ(α) + θ(α)D + θ(β)σ
µν (α)
(β) Fµν − θ
2σ¯µ(β˙α)∇µλ¯(β˙), (29)
W¯ (α˙) = iλ¯
(α˙)
+ θ¯
(α˙)
D + σ¯
µν(α˙)
(β˙)
θ¯
(β˙)
Fµν − θ¯
2
σ¯µ(α˙α)∇µλ(α), (30)
and
W¯(α˙) = iλ¯(α˙) + θ¯(α˙)D − θ¯(β˙)σ¯
µν(β˙)
(α˙)Fµν + θ¯
2
σµ(αα˙)∇µλ
(α), (31)
where (α), (β) etc. are spinor indices, while µ, ν etc are space-time indices. (At
this moment, we closely follow the References in [11].) Using these expressions
we find
W (α)W(α) |θθ= −
1
2
FµνFµν −
i
4
εµνρσFµνFρσ − 2iλ
(α)σµ
(αβ˙)
∇µλ¯
(β˙)
+D2, (32)
and as well as
W¯(α˙)W¯
(α˙) |θ¯θ¯= −
1
2
FµνFµν +
i
4
εµνρσFµνFρσ − 2iλ
(α)σµ
(αβ˙)
∇µλ¯
(β˙)
+D2 +∇µJ
µ,
(33)
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where Jµ = 2iλσµλ¯.
Therefore, we get
L =
1
4
(W (α)W(α) |θθ +W¯(α˙)W¯
(α˙) |θ¯θ¯) = −
1
4
FµνFµν − iλ
(α)σµ
(αβ˙)
∇µλ¯
(β˙)
+
1
2
D2,
(34)
and also
Lt =
i
4
(W (α)W(α) |θθ −W¯(α˙)W¯
(α˙) |θ¯θ¯) =
1
8
εµνρσFµνFρσ. (35)
Here, we dropped the surface term ∇µJ
µ.
If we introduce the definition
±F Aµν =
1
2
±BABF
B
µν , (36)
where ±BAB is given by
±BAB =
(
±Babcd 0
0 ±Bij
)
=
(
δabcd ± iε
ab
cd 0
0 1
2
(1± Γ5)
i
j
)
.
(37)
It is not difficult to see that the self-dual sector of Lt is given by
+Lt =
i
4
(+W (α)+W(α) |θθ −
+W¯+(α˙)W¯
(α˙) |θ¯θ¯) =
1
8
εµνρσ+FA +µν F
B
µνgAB, (38)
where gAB is the metric associated with the superalgebra osp(1|4) and it is
given by the formula (26).
Using (26) we discover that (38) can be written as:
+Lt =
1
8
εµνρσ+(+Fab +µν F
cd
ρσεabcd +
+ F i +µν F
j
ρσ(CΓ5)ij). (39)
In this expression, we recognize the Lagrangian proposed by Nieto, Socorro
and Obrego´n [10], which generalizes the corresponding Lagrangian (27) to the
self-dual case.
A generalization of (39) can be achieved by means of the action [19]
S =
∫
d4xεµνρσ
(
+τ+FAµν
+FBρσgAB −
−τ−FAµν
−FBρσgAB
)
, (40)
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which considers both the self-dual sector as well as the antiself-dual sector. In
this part, +τ and −τ are constant coupling parameters. The action (40) may
provide the starting point for studying the supersymmetric case of a S−duality
program for gravity, which was initiated in [19] for the MacDowell-Mansouri
pure gauge theory.
5. Toward an eight dimensional superfield formalism of a self-dual
supergravity a la MacDowell-Mansouri
Now, we shall consider that it is possible to extend the procedure of sec-
tion 3 to eight-dimensions. Observe first the important role played by the
ε−symbols εµνρσ, εabcd and Γ5 in the expressions (37) and (38). In fact,
the symbol εµνρσ determines that the dimensionality of the spacetime should
be four; εabcd is SO(3, 1)−invariant object and is used to define self-duality
(antiself-duality) in the bosonic sector, while Γ5 = iΓ0Γ1Γ2Γ3 is directly re-
lated to the existence of Dirac matrices satisfying a Clifford algebra in four
dimensions and determines the self-dual (antiself-dual) in the fermionic sector.
In general, since in any higher dimensional spacetime the field strength FAµν
is a two-form matrix , it seems a difficult task to consider its self-dual and
antiself-dual sectors other than four dimensions. Nevertheless, in the case of
spin 1 it has been proved that an interesting possibility arises in eight dimen-
sions [20]. The idea can be traced back to the observation that ε0bcd is linked
to an exceptional algebra: the quaternionic algebra. So, if one considers the
octonion structure, which is also an exceptional division algebra, one should be
able to consider the η−symbols ηµνρσ, ηabcd and Γ9 = iΓ0 · · · Γ7. In fact, some
progress in using the η−symbols has been achieved in the self-dual Yang-Mills
field case [20] (see also [21]) and in the bosonic Ashtekar formalism in eight
dimensions [13]. The key formula for applying the η−symbols in these cases
is
ηµναβη
τσαβ = 6δτσµν + 4η
τσ
µν , (41)
which, in contrast to the analogue ε−symbol expression
εµναβε
τσαβ = 2δτσµν , (42)
leads to self-duality of the field strength +Fabµν =
1
2
(δabcd + η
ab
cd)F
ab
µν in the form,
∗+Fabµν = 3
+Fabµν . (43)
Thus, except for a numerical factor +Fabµν satisfies the usual self-dual relation.
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In general, in a superspace in eight dimensions (xµ, θ(A)), with a µ = 1, ..., 8
and (A) = 1, ..., 16, a vector superfield can be written as [22]
VJ =
16∑
(Ai)=1
θ(A1) · · · θ(A16)VJ(A1)···(A16)(x), (44)
where θ(A) are Grassmann anticommuting variables. In order to write the
corresponding superfield strengths in eight dimensions, W (α) and W¯(α˙), it turns
out to be convenient to work on the Euclidean sector and subsequent ones to
perform a Wick rotation. This allows to consider the SO(8) matrices Γµ,
satisfying the Clifford algebra {Γµ,Γv} = 2δµv, in the Spin(7) representation
Γaˆ =
(
0 −iγ aˆ
iγ aˆ 0
)
,
Γ8 =
(
0 I
I 0
)
, Γ9
(
I 0
0 −I
)
,
(45)
where (γaˆ)(αβ) (α, β = 1, ..., 8 and aˆ = 1, ..., 7) are antisymmetric Spin(7)
matrices defined by
(γaˆ)(bˆ8) = iδaˆbˆ,
(γaˆ)(bˆcˆ) = iCaˆbˆcˆ.
(46)
Here, Caˆbˆcˆ are the totally antisymmetric octonion structure constants, which
are related to the dual totally antisymmetric octonionic tensor ηabcd in form
Caˆbˆcˆ = η8aˆbˆcˆ (47)
and
±Faˆbˆcˆdˆ ≡ CaˆbˆeˆC
eˆ
cˆdˆ
= δaˆcˆδbˆdˆ − δaˆdˆδbˆcˆ ± ηaˆbˆcˆdˆ. (48)
Observe that, since ηaˆbˆcˆdˆ is totally antisymmetric, both solutions in (48) lead
to the expression
CaˆbˆeˆC
eˆ
cˆdˆ
+ CcˆbˆeˆC
eˆ
aˆdˆ
= 2δaˆcˆδbˆdˆ − δaˆdˆδbˆcˆ − δcˆdˆδbˆaˆ, (49)
which determines the octonions as a normed algebra (see [23] and Refs. therein).
For later computation we note that if one assumes the +Faˆbˆcˆdˆ solution then
we obtain the identity
ηµναβη
τσαβ = 6δτσµν + 4η
τσ
µν , (50)
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while if one assumes the −Faˆbˆcˆdˆ solution we get
ηµναβη
τσαβ = 6δτσµν − 4η
τσ
µν . (51)
In the representation (45)-(46), the generators Γab =
1
2
[Γa,Γb] of SO(8)
become
Γaˆbˆ =
(
(γaˆbˆ)(αβ) 0
0 (γaˆbˆ)(αβ)
)
,
Γaˆ8 =
(
−i(γ aˆ)(αβ) 0
0 i(γaˆ)(αβ)
)
.
(52)
Here, (γaˆbˆ)(αβ) are the antisymmetric Spin(7) generators,
(γaˆbˆ)(cˆ8) = Caˆbˆcˆ,
(γaˆbˆ)(cˆdˆ) = δaˆcˆδbˆdˆ − δaˆdˆδbˆcˆ − ηaˆbˆcˆdˆ.
(53)
In order to split θ(A) into two Weyl spinors θ(α) and θ¯
(α˙)
one can use Γ9
matrix. Accordingly, using (45) we can write
Γa =
(
0 σa
σ¯a 0
)
, (54)
where σa = (−iγaˆ, 1) and σ¯a = (iγaˆ, 1). Thus, we may introduce the corre-
sponding Spin(7) generators
σ
ab (β)
(α) =
1
2
(σaσ¯b − σbσ¯a)
(β)
(α), (55)
and
σ¯
ab (β)
(α) =
1
2
(σ¯aσb − σ¯bσa)
(β)
(α) . (56)
In fact, using the +Faˆbˆcˆdˆ solution given in (48) one may verify that
σaˆbˆ(cˆ8) = Caˆbˆcˆ,
σaˆbˆ(cˆdˆ) = δaˆcˆδbˆdˆ − δaˆdˆδbˆcˆ − ηaˆbˆcˆdˆ,
(57)
and also
11
σaˆ8cˆ8 = δaˆcˆ,
σaˆ8bˆcˆ = Caˆbˆcˆ.
(58)
We also get
σ¯aˆbˆ(cˆ8) = Caˆbˆcˆ,
σ¯aˆbˆ(cˆdˆ) = δaˆcˆδbˆdˆ − δaˆdˆδbˆcˆ − ηaˆbˆcˆdˆ,
(59)
and
σ¯aˆ8cˆ8 = −δaˆcˆ,
σ¯aˆ8bˆcˆ = −Caˆbˆcˆ.
(60)
It is not difficult to see that the expressions (57) and (58) can be unified
in the form
σµν(αβ) = δµαδνβ − δµβδνα − ηµναβ. (61)
If we use the identity (50) we find
σµν(λτ)σ
(λτ)
αβ = 8(δµαδνβ − δµβδνα). (62)
From the discussion of section 3, one should expect that in the computation
of W (α)W(α) |θθ the expression (62) leads to the analogue in eight dimensions
of the term −1
2
FµνFµν rather than the analogue of the term −
1
2
FµνFµν −
i
4
εµνρσFµνFρσ. Moreover, we find that it seems to be no way to unified (59)
and (60) in just one expression for σ¯µν(αβ) as in the case of σµν(αβ). These two
observations lead us to consider an alternative prescription.
Consider the quantities
Θµναβ = δµαδνβ − δµβδνα + ηµναβ (63)
and
Θ¯µναβ = δµαδνβ − δµβδνα − ηµναβ, (64)
which are related to the +Faˆbˆcˆdˆ and
−Faˆbˆcˆdˆ solutions respectively. From the
+Faˆbˆcˆdˆ solution we find that Θµναβ is a self-dual projector. In fact, using (50)
we obtain
ΘµντλΘ
τλ
αβ = 8Θµναβ (65)
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and
1
2
ηµντλΘ
τλ
αβ = 3Θµναβ. (66)
As it has been emphasized in Ref. [24] the object Θµντλ projects any antisym-
metric second rank tensor onto its self-dual parts 7, according to the decom-
position 28=7⊕21 of the adjoint representation of SO(8) ∼ SO(8)/Spin(7)⊕
Spin(7).
Similarly, using the formula (51) which corresponds to the −Faˆbˆcˆdˆ solution,
we find that Θ¯µντλ satisfies
Θ¯µντλΘ¯
τλ
αβ = 8Θ¯µναβ (67)
and
1
2
ηµντλΘ¯
τλ
αβ = −3Θ¯µναβ. (68)
Therefore Θ¯µντλ is an antiself-dual projector operator.
Thus, one should expect that in the computation of W (α)W(α) |θθ the ex-
pression (65) may lead to the analogue in eight dimensions of the combination
−1
2
FµνFµν −
i
4
εµνρσFµνFρσ in four dimensions. This means that, for our pur-
pose, the self-dual and the antiself-dual splitting associated with the group
SO(8) provide a better alternative than the Weyl splitting specified in (54).
With these tools at hand, one may proceed as in four dimensions, that is,
one may derive presumably from (44) the eight dimensional fields strengths
W(α) = −iλ(α) + θ(α)D −Θ
µυ (β)
(α) θ(β)Fµν + θ
2σµ
(αβ˙)
∇µλ¯
(β˙)
+ ..., (69)
W (α) = −iλ(α) + θ(α)D + θ(β)Θ
µν (α)
(β) Fµν − θ
2σ¯µ(β˙α)∇µλ¯(β˙) + ..., (70)
W¯ (α˙) = iλ¯
(α˙)
+ θ¯
(α˙)
D + Θ¯
µν(α˙)
(β˙)
θ¯
(β˙)
Fµν − θ¯
2
σ¯µ(α˙α)∇µλ(α)..., (71)
and
W¯(α˙) = iλ¯(α˙) + θ¯(α˙)D − θ¯(β˙)Θ¯
µν(β˙)
(α˙)Fµν + θ¯
2
σµ(αα˙)∇µλ
(α) + ... (72)
Here, by convenience, we only wrote the relevant terms in the θ power expan-
sion. The object Fµν should be seen now as an eight dimensional nonabelian
field strength and λ(α) as an eight dimensional chiral spinor.
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Using (69)-(72) and (65) we find
W (α)W(α) |θθ= 16F
µνFµν + 8η
µνρσFµνFρσ − 2iλ
(α)σµ
(αβ˙)
∇µλ¯
(β˙)
+D2. (73)
While if we use (67) we get
W¯(α˙)W¯
(α˙) |θ¯θ¯= 16F
µνFµν − 8η
µνρσFµνFρσ − 2iλ
(α)σµ
(αβ˙)
∇µλ¯
(β˙)
+D2, (74)
where we dropped the surface term ∇µ(2iλσ
µλ¯). (It is worth mentioning that
(73) corresponds to the Lagrangian discussed in Ref. [24] for the case of 7D
super Yang-Mills theory.) Therefore, we get
L =
1
4
(W (α)W(α) |θθ +W¯(α˙)W¯
(α˙) |θ¯θ¯) = 8F
µνFµν − iλ
(α)σµ
(αβ˙)
∇µλ¯
(β˙)
+
1
2
D2,
(75)
and also
Lt =
1
4
(W (α)W(α) |θθ −W¯(α˙)W¯
(α˙) |θ¯θ¯) = 4η
µνρσFµνFρσ. (76)
If we now introduce the definition
±F Aµν =
1
2
±BABF
B
µν , (77)
where ±BAB is given by
±BAB =
(
±Babcd 0
0 ±Bij
)
=
(
δabcd ± η
ab
cd 0
0 1
2
(1± Γ9)
i
j
)
,
(78)
we find the Lagrangian
+Lt =
1
4
(+W (α)+W(α) |θθ −
+W¯+(α˙)W¯
(α˙) |θ¯θ¯) = 4η
µνρσ +FA +µν F
B
µνgAB, (79)
which describes the self-dual sector of Lt in eight dimensions. Of course, in
this case the metric gAB should be chosen as
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gAB =
(
ηabcd 0
0 (CΓ9)ij
)
. (80)
Therefore, we have derived a self-dual supergravity Lagrangian in eight di-
mensions via superfield formalism. It turns out that, the bosonic sector of the
Lagrangian (79) is reduced to the Lagrangian proposed in the Ref. [13]. This
seems to be an important result in the quest of a supersymmetric Ashtekar
formalism in eight dimensions. Moreover, there is an important observation
that we need to make in connection with the invariance of Lagrangian (79). In
general the ε-symbol is Lorentz invariant in any dimension, but in contrast the
η-symbol is only SO(7)-invariant in eight dimensions (see Ref. [25]). There-
fore, the η-symbol spoils the Lorentz invariance of the Lagrangian +Lt given
in (79), but maintains a hidden SO(7)-invariance. In fact, this is a general
phenomenon in field theories involving the η-symbol (see, for instance, Refs.
[24] and [27]).
6. Final remarks
It is well known the great importance of the role that a nonabelian field
strength plays in the gauge field theories. In a sense, it is the main object in any
gauge field action. Mathematically, the nonabelian field strength is recognized
as the two-form curvature in a fiber bundle. Surprisingly, the possibilities to
make self-dual such a two-form is very restrictive. In fact, independently of the
signature of spacetime, self-duality seems to work only in dimensions 1, 2, 4,
and 8. These dimensions can be recognized as the dimensions associated with
the exceptional algebras: real, complex, quaternion and octonion algebras.
Of course, in order to make sense of self-duality in any dimension one may
introduce p-form gauge fields but this case works only as an abelian theory [26].
If one is thinking about gravity as a nonabelian gauge theory, then one obtains
a similar conclusion concerning the dimensions 1, 2, 4, and 8. Therefore, from
this point of view it seems natural to consider the self-dual supergravity in eight
dimensions. And the best way to do this is by using a superfield prescription
with an octonion algebra as a background structure. Pursuing this idea we
first applied a superfield formalism to self-dual supergravity in four dimensions
showing the consistency of the procedure and then we applied similar technique
for the case of self-dual supergravity in eight dimensions.
Eight dimensional self-dual supergravity has been previously studied by
Nishino and Rajpoot [27]-[29] (see also Refs. [24] and [30]-[31]) whom based
their motivation on twelve dimensional supergravity [32]. However, in this
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formalism the superfield prescription is not used and there is not any guide for
a connection with the Ashtekar formalism. Nevertheless, it seems interesting
for further research to find a connection between the works of these authors and
the formalism presented here. Eleven-dimensional supergravity in light-cone
superspace [33] has been studied recently. The formalism in this work is based
on the decomposition SO(9) ⊃ SO(2)× SO(7). The SO(7) subgroup is used
on the superfield formalism without using the octonion structure. Perhaps,
our work may be useful in this direction.
It has been noted [34] that the ε−symbol εµναβ is a chirotope [35] and that
ηµνρσ is related to the Fano matroid [36]. This means that the Lagrangians (76)
and (79) contain information of the oriented matroid theory [35]. Therefore,
the present work suggested that, besides all the relations between matroids and
different aspects of M−theory, including gravity [37], Chern-Simons theory
[38] and String theory [39], Matroid theory should be connected with the
superfield formalism.
Starting with the supersymmetric Lagrangian in eight dimensions given in
(79) one may be interested in studying self-duality structure in supersymmetric
10 + 2−dimensional model via the two projections 10 + 2→ (1 + 3) + (1 + 7)
and 10+2→ (2+2)+(0+8). If this program goes on the right route then we
shall become closer to find a connection between the ”self-dual” supergravity
theory and the supersymmetric Ashtekar formalism, in 10 + 2−dimensional
spacetime.
Finally, in order to achieve a manifest SO(3, 2) symmetry in the context
of the bosonic MacDowell-Mansouri formulation Stelle and West [40] intro-
duced the idea of compensator field. In Ref. [41] Vasiliev developed the
MacDowell-Mansouri-Stelle-West action for any dimension and in Ref. [42]
the compensator approach was applied to the study of N = 1 supergravity in
four dimensions as a gauge theory of OSp(1|4). Thus, it seems interesting to
see whether the results of the present work may be combined with the idea of
a compensator approach in higher dimensional supergravity theories.
Acknowledgment: I would like to thank H. Garc´ıa-Compea´n, O. Obrego´n
and C. Ramı´rez for their helpful comments.
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